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TPAHAJIIATAA JEKUUSA
(28.V 1934 r.)

Kpamxoe pesiome, Ilonamue 2pynnut npeobpasosanuti. Mampuya a0penyosa npe-

obpasosanus. Y mHowmerue npeospasosanuii. Onpedesenue epynnu, npumepv. He-

npepuisrbie 2pynnst. Jlopenyoswt npeodpasosarus obpasyiom zpynny. Imo daem
mpe6ogarue 2pynnogocmu 04s YCMaHOGAeHUA suda npeobpasosaruii

deMEHTOM HPOCTPAHCTBEHHO-BPEMEHHBIX COOTHOMEGHUH SBIACTCH
coGuTHe, T. €. YPEe3BHUYAHHO KPATKOBPEMEHHEHIA IPOIECC B OUYCHD
MaJio# 00JacTE mMpOCTPAHCTBA, UOJAOOHKH BCOHINKE WA YeMY-HHOVIbH
B aToM poje. CoOmnTHe XapaKTepPH3YeTCA UYETHPHMA BeIUIHHAMH —
TpeMsI TPOCTPAHCTBEHHHIMA BeIWIMHAME M BDPEMCHEM, W MOKHO
CKa3aTh, 9T0 COOHTHE XaPaKTepW3yercsi UeTHLIPHMA KOODPIUHATAMHK,
310 He HOBO, U KIACCHKA TOME 3HAJNA, UTO [UIA ONpejelieHnsd CoObl-
TUA HYKHB 9eTHpe umcna, Tpu U3 HUX BXOJAT BO BCE COOTHONIEHU
CUMMETPUIHO W COBEPIIEHHO ONHOPOJNLI, YeTBEPTOE — BPEMH — CO-
BEPUIEHHO HHAYe (QU3HICCKH ONPENeNeHO0,— 3T0 BeJHYAHA COBEP-
IMIEHHO [APYroro xapakrepa. Teopuss OTHOCHUTENBHOCTH U B DTOM
OTHOINEHNH HHYET0 HE MEHIET, JUIs Hee BPeMH TaKae N0 CYINEeCTBY
OTIHYHO OT IIPOCTPAICTBEHHBIX KOODIMHAT.

Beck unTepec GbII COCPENOTOTEH Ha BOMPOCE O TOM, KaK HYMKHO
DEePEXOUTh OT OfHOM cHCTeMH Koopmmmar K mapyroit. Tyr crasm-
BAETCA CYIECTBEHHOE OTIMYME OTBETA TEOPUH OTHOCUTENBLHOCTH OT
OTBETA, KOTOPHHU J[aBaja KiIaccuKa.

Hiuaccmra ormedala Tak: KoopamHara # oCTaeTcsi HEU3MEHHOH
JUIA BCEX JBYIKYIMXCA CACTEM KOODAMHAT, M MBI HIMEEM IPABO CKA3aTh,
4T0 BpeMsA ecTh abcodioTHAs KooppuHara, z', y', 2z B3ABUCAT OT
z, Y, z, HO Baaromapd TOMY, UTO [ OCTAeTCH HHBAPUAHTHLIM, IIO-
JydaercA pasjelleHHe Ha NPOCTPAUCTBEHHHE M BPEMEHHEE KOOpP/u-
HATH. [[09TOMY dYeTHPEXMepHOCTH — TO, 4TO BCErfa HeoOXOXMMBL
q9eTHPe KOODAHHATH,— CTymMeBHBajkach, pasbmBasach Ha Tpex-
MEPHOCTb U OJHOMEDPHOCTb, T. €., Tpybo ToBOpA, OHiim He 4 KoOpAH-
"Harel, a 3 4+ 1.

TeopnA OTHOCHTENBHOCTH TOBOPHT, 4TO HTO HEBEPHO, 4TO MHpPH
mepexone or cacreMu K’ & cmcreme K mpeo6paszoBanme KOOPKHHAT
OPOMCXOJMT TaK, dT0 He Toabko 2 =f, (2, ¥, 2, 1), ¥ =
=fo(z, Y, 2 t),2 =f3(x, y, 2, 8), om t' = f, (x, y, 2, t). Ta-
KUM 06pas3oM, pasfeleniic Ha BpPeMs B OPOCTPAHCTBO ONHOZHAYHBLIM
0o06pasoM HEBO3MOKHO, TaK KAK B3ABHCHT OT CHCTEME, K KOTOPOH
BN nepexojmre. Baaromapa ToMy, 9TO YeTHpe KOOpPKHHATH 37eCh
CIVIETEHH, 910 mX o0vemmHenme 510 GoJibmme, 4eM JieKAapanusa, ITO
¢ atEM OpEXopmTcA paboTaTh W K 9TOMY HOPHCHOCOGHTH Bech amma-
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par, B CHOENUAJbHO TEOPHH OTHOCHTEJIHLHOCTH TOBOPAT BCETAa O
9ETHIPEXMEPHOM MHEDE.

Hcxopa u3 oupefeeHENX (H3HYECKEX NIOCTYJIATOB — OTHOCH-
TENBHOCTH, C OJIHOM CTOPOHB, U HE3aBHCHEMOCTH CKOPOCTH CBeTa
B BaKyyMeé OT JBI)KEHUS MCTOYHHKA — € APYro#l, — HaAM YJAAJIO0Ch
Haite Buj TEX ¢yHknuii. QopMydH mepexona OT ONHOH CHCTEME
K Jpyroi BHpasuwiuch B (opMme JOpeHIOBa npeobpazosamEs. ITO
npeoGpasoBanme JNUHEHHO M B camoM oOMIeM Cly4ae 3amECHBAETCS
TaK:

4 Al
T = Z a;xxy + by,
%

IpHAYeM JJIsL TOTO, UTOObl YAOBJIETBOPANMCH [BA OCHOBHBIX NMOCTYJATa,
kK03PPHUIMERTH J/,0JKHE  Y/IOBJIETBOPATh ONPEAEJIEHHHIM COOTHOMIE-
HMAM, 4 MMEHHO TAKMM, 4To0H mnpeoOpasoBaHme OHIIO ICEBO0PTOTO-
HAJIbHEIM. Benmamusl b; mpou3BONBHE U ONpeNeNAI0T TOJBKO IePEHoC
HaYaja KOOPJUHHAT M M3MeHeHHe oTcuera BpeMeHH. Ml Beerga Gyuem
CYHTATE, YTO HAYAJNO KOOPAMHAT U OTCYeTA BpeMeHH B 00eux cucTeMax
coBmagaoT u Torga b; = 0, Tak 4To MH moay4aeMm mpeobpasoBamume

Ly = Z QX
k

rae 16 xoagpuumenTos yposirersopawT 10 onpepgereHHEIM yCJIOBUAM,
T. e. ocraerca 6 mpomsBoipHHX mapamMeTpoB. COBOKYHHOCTHL TaKUX
J0peHIOBHX mpeolpasoBanmit oTo6paskaeTr BOSMOJKHOCTH TOIO, 49TO
noBast cucreMa K’ Mosxer GHTH MOBEPHYTA IO OTHOIIEHUIO K cucTeMe K,
9TO0 FaeT TPU yINa TOBOpPOTA, HAIPHEMEp TPH DHICPOBHIX YIia, E
MOKET [IBATATLCH ¢ IPOH3BOJBHON MOCTOSHHOW CKODOCTBIO, UTO JaeT
TPH KOMIIOHEHTH 3TO¥ CKOPOCTH. OTH BeJHYMHEL # COCTABIAIT 6
mapameTpoB. MH BujeNHW, YT0 BCAKHE Iepexoj| OT OJHOH CHCTEMBI
KOOP[EHAT K APYroii MOKHO COCTABUTH M3 TpPex THHOB mpeobpasoBa-
HEH: OPOCTOTO HOBOPOTA OCei, KaK B AaHAJIWTHICCKOH TIeOMeTpHH,
3aT€M CHEIMUAJLHOTO JOPEHI[0Ba Hpeo0pa30BaHMA, 3aTPATMBAIOIIETO
OfHY KOOPAUHATY M BpeMs, W, HAKOHEN, eIfe OXHOTO MOBOPOTA OCeil.

3HagAT, TO, YO0 HAC WHTEpECYeT,— 9TO CIEOUAJbHOE JOPEHI0BO
mpeobpasoBanme

x— vt - ®
’ - ’ ’ ’
x=—————, y=y’ Z=Z, t=——-——__.—__——.
»2 2
{f— — 1_..7

C2

Wmerno omo cnemud@uHO [HIA TEOPHH OTHOCHTEILHOCTH, OCTAJILHOE
’Ke CHKJIafEIBaeTCA M3 dTOr0 mpeobpasoBaHHMA HW HPOCTHX IOBOPO-
TOB.
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Orcroma MBI cfiejialdu  psAX BHBOJAOB, KAKYIMEXCHA HA mepBbIH
B3MJIAJ] NApajoKCcaThbHEIME, HO B KOTODHIX Ha CaMOM Jejie HHYero ma-
pafokcansHoro Her. Bo-mepBBIX, ANWHA CTEP/KHA He ABIAETCA TeM-
TO abCOJIIOTHHRM, a 3aBHCHT OT CHCTEMH, B KOTOPO# BH ee M3Mepsere.
IMonatne BpeMeHwm TakKe yTpadmpaeT aGCOIIOTHOCTH M 3aBHCUT OT
cHCTEeMbI, B KOTOpoi BH msMmepsere. CymecTBeHHEM OHIIO Talke TO,
4TO TEOPEMa CAOMEHHS CKOPocTedl B o6nyHOM dopMe HecnpaBenamBa I
3aMeHsIeTCH HSHHINTeHHOBCKOM TeopeMoil CJOKeHAA CKOPOCTe.

Yro Gymer sammMaTh HAC CeTOTHA W O 9eM s XOTeJ HeMHOro pac-
CKazaTh,— 3TO HEKOTOPHE 3aMedaTelbHbIe CBOECTBA Hpeobpa3oBaHmit,
paccMaTpUBAeMBIX He KajK[oe B OTAEJBbHOCTH, a KaK COBOKYIHOCTS,
T. €. HEKOTODHE CBOMCTBA COBOKYDHOCTH JIODEHIOBHX mnpeobpaso-
BaHUi.

Hast sToro "Ham HY:RHO GyneT paccMoTpeTh HmpefBapUTeNbHO He-
CKOJBKO HOJy(PopMaibHasX Benleli. ME mosHakoMEMCA ¢ 0YeHS cymie-
CTBEHHDIM MOHATHEM — C TOHATHEM ZPYnnsl npeobpa3osaHull m Boob-
me ¢ HDOHATHEM 2pYnnwl.

Ionsitme Tpyumst B coBpeMeRHO MaTeMaTHKe M PU3NKE ATPAeT BCe
60ap1y10 U 66JbIMIYI0 PoJb. MBL MOEM KOCHYTHCS €TI0 TOJBKO CAMBIM
OBEpXHOCTHEIM obpaszoM. B ydJe6HmMKAx 110 TeopHM OTHOCHTEIHLHOCTH
[IOYTH BCErJa TOBOPHTCH, 9TO JOPEHIOBH mpeobpa3oBaHma o6pa3yloT
rpynmy, W Ha 9TOM [Iel0 KOHYaeTcsA. MHe KajKeTcsd, 9TOo Ha 5TOM HYK-
HO OCTAHOBUTHCSH HEMHOTO MOJpo0Hee, TeMm Oolee 9TO mocie TOro, Kak
Jlupax BBes pesATEBUCTCKOE YpapHeHHMEe B KBAHTOBOI MexaHuKe, cue-
NuaJdbHas TEOPUA OTHOCHTEIHHOCTH HECOMHEHHO LHOJY4m/a M3BECTHOE
pacuimpeHme, a NOHATHE TPYUNH HO3BOJAET OXBATHTH BTO paclumpe-
iMe ¥ IOHATH, B KAKOM CMEICJe HYKHO IONTH Fajblle W KaK JaJleKo
MOHO ¢ TakaM pacmupenmeM uptm. Iloaromy mme @ xorerocsr ocra-
HOBHUTHCH Ha 9TOM Bompoce Gonbime, dem 370 OOHYHO JelaeTcs.

Cuagama HECKOJABKO NpERBAPHTENLHHX 3aMedaHmid. JIopeHI0BO
npeofpasoBanme — 5TO JXHEHHOE mpeoGpazoBanme, mpUIeM Mbl Oy/eM
paccMaTpEBaTh TONBKO O(HOPOAHOEe mpeobpasosanme. Takoe npeobpa-
30BaHHE BIOOJHE OXapPaKTePH30BAHO, €CHH AAHH €ro KodPpPumueHThH
a;;. KBagparaas Tabaana

i@z« - - Gup

T T K

Apilnz - -+ - Gpg

B KOTODOH RasKNeli KodhPuumenT CTOMT Ha CBOEM MecTe, HA3HBAETCH,
Kax BH 3HaeTe, Marpuieit. Ecim sagama maTpmma, TO TeM CaMHM 3a-
mamo mpeobpasoBanme, W HW3ydYeHwe npeoOpasoBaHmiéi cBopmres, Ta-
KuM 06pasoM, K HM3yYeHWIO TAKAX MaTpHL. MH XOTHM mepeidTH Temepb
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K BOIIPOCY O CBOMCTBAX COBOKYOHOCTH, T. €. CPaBHHBATH PasIHYHEIE
MaTPHITEI MEKTY coboil.

IIpencraBsre cefe, WTO BH XOTHTE mepelTH OT CHCTeME K K cmcTe-
mMe K', gBmKymeiicsi ¢ OHmpefeNeHHO# CKOPOCTHI0O IO OTHOMEHHIO K
cucreme K. Mp OymeM sammceiBaTh 8To TakuM oGpazom. Marpmuy,
HanMCaHHYI0 BHIIE, OymeM 0003HayaTh OGHOHA GykBoil A W cHMBOJH-
9eCKM 3amMMDIeM Hame mpeofpasoBaHHe TAK:

2’ =A(z)

(0651900 cKOGOK He mEmmyT). Fenm MaTpHUa HaMm jJaHa, TO MBI CPa3y MO-
JKeM Hammeath npeofpasoBanme. BEr BHmTE, YTO 9eM [ajiblie MBI IPO-
ABETAEMCH, TeM IpPOINe X IPOINe CTAHOBHTCA 3ammch. Mmoro necat-
KOB JieT Ha3aJl BHOmcakm OH BCe geThipe ypaBHeHHA moanocthio. Ilo-

TOM IIepPeNLIA K TaKoi samumen *; = 2 @iy, TOE, IPUOHCHBAT MHIEK-

CH B OJJHOM yPaBHEHHM, OXBATHBAIOT BCe yPaBHEHHA. JTO yiKe TOPasfio
Gonee mpoctas sammeh. Teneps 5TO 3aOMCEIBA€TCH COBCEM IIPOCTO, HO,
KOHEUHO, II0 CYIECTBY 5TO TO K€ CaMoe.

I/ITaK, MBI CHleJAK Tepexof 0T KoopAMHAT cucTeMi K K KOODIH-
mgataM cuctembl K'. Ilycrs mMeercst Temeph TPEThbsl CHCTEMAa, KOTOpas
ABMKETCA H0 oTHomeHWIo K K’ (a Tawkke mo oTHomeR®w K K),— cn-
crema K”. fl xouy Bupasurh cobmtmsa B K” depe3 KoopaummaTH K'.
Ilyers cropocts cucremsr K” mo ormomenmio ¥ K’ ects v,. Torma s
Mory HammcaTh ' = B (z'), rae B — moBaa marpuia. Hanmmenm mar-
puny A nas Hammx cnemuaibEbix npeoGpasoBanmii. OHA TaxoBa:

1 v/c?

—_———— 0 0 —

]/1__62 V1—ﬁ2

0 10 0 o

0 0 1 0 v B=o
__ye S

vi-g © 0 Vi-w

Ecoz Mb mepexogmm or cmeremt K’ k cmcreme K”, To Bece Gymer BH-
TaAAfeTs TaK jKe, HO ¢ MaTpunei B, T. e. BMeCTo U BCIofy Oymer v,.
Takmm oGpasoM, cHagzawta wmul mepemurm or cucreMl K k cmereme K,
a sareM ot cucremsl K’ k cucreme K”. Ho ME Moram 61 npsAMo nepeiTu
or K x K". Kax Bmpassarca xoopnmpath K” wepes xopammath K,
eclId MH 3HaeM, KaK BHpaykaloTcs KoopAuHATH K’ gepes KOOpAHHATHI
K = xoopmmmats K" gepes kooppmuaTtH K'? V Hac ecTh

331 = Z @z, Ban ' = A ()
k
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z; = Z bizp, wim z" = B(z').
k

M= MokeM moZcTaBATH BO Bropoe mnpeoGpa3oBanme ' @3 mEPBOro M
MOJYyYHM ONATH NIHHelHHe (YHKOEE OT Z, HO C APYyrEME Kodddm-
nuenTamy. Bech Bompoc 3aKiaodaeTc B TOM, KaK BEIPAKAITCA KO3(-
¢UOUeHTH Pe3yJAbTEPYIONEr0 Opeobpa3soBaHMA, COCTABIEHHOTO H3
OBYX DepBHX npeo6pa3oBaHmil, KOoTOpoe MaeT IePeX0f OT CHCTe-
me K k cmereme K”. 51 mory mammcaTs

z; = 2 Cipky, Baa z" = C (x).
k

CopammBaercs: Kak BEYmCIHTH MaTpuny C, ecam gasm A uw B? 9rq
opocras apudMermdeckas 3afada, M JETKO IOKa3aTh, 9TO JJIEMEHT
marpunnl C, CKasKeM C;, COCTABJAAETCA M3 COOTBETCTBYIOMUX JIeMEH-
TOB a ¥ b caegyimuM 00pasom:

Cix = Z‘l bijajxe (26)
]

CuMBONMYIECKH BTO 3aNUMCHIBAETCHA TaK:
C = BA,

B ToBopAT, 4To C ecTh mpouM3BeleHHE ABYX NEPBHIX MATpHII.

Ousndecku TpeThsa MaTpuna C o3HavaeT TaKoe npeodpasoBaHme KO-
OpJMHAT, KOTOPOE COOTBETCTBYET HEPEXOAY OT cucTeMEH K K cucreme
K’, BHpakeHHOMY UpM DOMOIIM fABYX mepexomoB — or K k K’

m or K' ¥k K"
@opmyna (26) Bam xopomo 3HaKoMa: ecam GH y Bac 8f Wb Onum

HEe MaTPHOE, a JeTePMUHAHTH
biy by,
b?l b22

a1 Qqp
’

(23

TO BJEMEeHTH HEeTePMMHAHTA, ABIAIIMETOCA NPOM3BEJEHMEM NBYX Ta-
KEX [[eTepMHHAHTOB, BHpaskaiuch OH EMeHHO TakmMm o6pasoM, T. e.
IS Tpom3BeeHEA MaTPHI] MH MMeeM TO )Ke TPaBHWJIO, 9TO W JJIA IPo-
m3BeIeHuA JeTePMAHAHTOB. fl Xoren GH TOJABKO NOAYEPKHYTH Cymle-
CTBeHHYIO PAasHHIY MEKAY AeTepMUHAHTAMH K MarpEnamu. [lerepmum-
HAHT — 5To YECHO. S BamMCHBA0 ero B BAAE TaGIWIH, HO 3TO OJHO
ugeno. Marpuna — ato Tabamua us r® qucen. Ecam s manmmy BMecTo

9 JI. 1. MaHgensIITAM
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OepBo# TabNEOB TaKyio

Aag  CGyo
?

Gy a1

TO Kak JETePpMHHAHT OHA paBHa WmePBOH, a Kak MaTpHIa He paBHa,
DOTOMY 9TO AJs MaTpEIBl CTPOro OIpefeNeH HOPAAOK BJIEMEHTOB,
saech e mopAmor usMeHeH. 06 3Toll pasHMIE HEHKOTAA He CJe]lyer
sabmBaTh. Jad BeAKOE MaTpHIB MOKHO BHYHMCIHTH HETEPMHHAHT,
COCTAaBNEHHEN U3 ee 5aeMeHTOB. JleTepMHHAHT MATPAOL, ABIRI-
meiica DpoOM3BefenneM ABYX MATDPHI, PaBeH NPOU3BENEHHIO JeTepPMH-
HAHTOB 3THX ABYX MaTpmi. JTO TO ke camoe. Ho BOT Ije CymecTBeH-
Hasd PasHANA — ¥ 3TO OYeHbL THIHIHO s Marpui. Boobme rosops,
ecJiM CHadYaJa BHI fenaete npeoGpaszosaume B, a satem A4, To moayum-
Te APYrylo MaTpHIly, 9eM B TOM CJIyd9ae, €CIM CHAYaJa cHeaaTh INpe-
obpasoBanue 4, a morom B. Jlas geTepMuHAHTOB 3TO HE UI'DAET POJIH,
HO B IpoU3BeJeHAH MaTpull 9To 6yayr pasamunsie Bemm. llosromy,
Ha3HBas HOBYIO MaTPHUIy TPOM3BEJEHHEM [BYX MATPHI, HYKHO GHTH
OCTOPOKHBIMH, [OTOMY 9TO 9TO IPOM3BEJEHME He 00JaaeT KOMMYTa-
TEBHOCTHIO. 110 BB yiKe NPHBHKJIM K TOMY, YTO He BCe IPOH3BEJeHHH
0013/]a10T KOMMYTATHBHOCTBIO; HANPHAMEP, BEKTODHOE NPOWIBENCHWS
He KOMMYTaTHBHO. MesKIy OpodmM, BCS KBaHTOBaj MeXaHHKA OCHOBA-
HA HA HEKOMMYTATHBHHIX IPOU3BEJCHUAX.

Hrak, ecim HaM HYKHO mepedt:m or cacreMmil K k cucreme K”, To
cHAdasa.Mbl MOJKeM nepedtu K cacreme K, a 3arem ot K' & cucteme K.
Msl mmeeM BuOJIHE OUpeeseHHHI peHent, Kak Haiirm nmpeofpaszoBa-
me oT K ® K", xorga o6a npoMe;KyTOYHEIX peobpa3oBaHuA HAM H3Be-
cTeE. HyKHO mociefoBaTeiabHO W B OIpPENEJEHHOM IOPAAKE MpuMe-
HETh 00a 9THX npeobpasoBadudA, cHadada A, moToM B, u M moixyaum
HoBoe upeobpaszoBanme C. ME HayIdIudch, KaK 10 ABYM npeolpasoBa-
HAAM HaiiTH Tperse, KOTOPOE H3 HEX COCTABIEHO, T. €. ABIAETCA pe-
3yJABTATOM HX HOCHE[OBATENHHOTO NPEMEHEHWs. JTo Tperne mpeolpa-
30BaHWE MEl Ha3bHIBAaEM HpOW3Be/leHMEM IePBHIX ABYX. Iloka samomuaum
aTo u ofpaTuMca K TOMY, 9TO HAC B JaHHOM CIy4ae WHTEpecyerT.

CoroKynHOCTH BCEX JOPEeHHOBHX mnpeobpasoBanmit of6ramaer 3aMe-
YJaTeJbHKM CBOMCTBOM, a WMEHHO siBigerca rpynno#. Ipexnme Bcero,
gro Taxoe rpynna? Ilo3BonbTe OCTAHOBHTHCA HA 3TOM M JarTh, MOJKET
GBITH, HECKOABKO ITOBEPXHOCTHOE, HEHOCTATOYHO Yriyl/eHHoe W Jake
He BCerfa MOCTATOYHO CTPOroe oupefelieHHe IOHATHS IPYHOH B 006-
MIEM ciydae, a IOTOM UPUMEHHTH €r0 K HAMHEM BOIPOCAM.

IIyers v HAC eCTH COBOKYIHOCTH KAKUX-HAGYIH 00HEKTOB B KOHEU-
HOM mia GecKoHedHOM umcie. ByneM HasHBaTh aTH 0GBEKTH JLeMEH-
maMy. 370 MOryT OHITHL cambie pasHooOpasHbe BemE — YHCIA, MAT-
pHIE, Opeo0pa3oBaHns Kak JuHeHHbe, Tak ®m Heamaeitmsie. 1lycTs
YCTaHOBJIEHO OPABMIO, KaK KAMKAONM mape STMX DJIEMEHTOB OTHECTH
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HOBEII DJIEMEHT, DpPHYeM UAPH, BOOOIIe rOBOpA, HanpaBJeHH, T. e.
MoKeT OHTpH Tak, uro mape AB Gyfmer oTHeceH ZPYroid ajeMeHT, UeM
nape BA, o xamyofl mape, COCTaBAEHHOM 110 ONPEAEIEHHOMY 3aKOHY,
O6yger oTHeceH HOBHIA 5ieMeHT. BosapmeM caMHi mpocroit unpmMep.
ITycTp peddb HAET O COBOKYIHOCTH IEJIHX IOJIOKATeNbHEX umced 1, 2,
3, 4,... YcmoBEMCS Ka)KIOH mape 4mces] OTHOCHTH mx cymmy. Ecam s
BoseMYy wmcia 1 m 3, 1 6yny orHOCHTH EM 9mCIO 4, eciand s1 Bo3bMY 1 1
2, To orHecy BM 3. fl ycTaHoBHI mpaBHUIIO, IO KOTOPOMY KasK[IoH mape
5JEMEHTOB OTHONIY TpeTHmil siaement. f mMor GH B3ATH BMECTO CIIOKe-
HEA yMHOKeHme. Torga saementam 1 m 2 Gria Gul oTHeceH pieMeHT 2,
pJeMeHTaM 2 m 3 — 3JeMenT 6 u T. Ji. ITOT HOBEHIA SIIEMEHT, KOTOPHIA
A 00 YCTAHOBJEHHOMY NPaBUJIY OTHOIIY K dioboil mape, A 6yny Hash-
BaTh npoussedenuem ITUX JBYX JIEMEHTOB. JTO NPOU3BeleHHEe He B
TOM CMBICJIE, KaK MH IOHHMaeM oOKYHO, TaK Kak A MOTy, HampmMep,
YCTAHOBHUTH NPABHIO CHOKEHHEM, T. €. OyAy OTHOCHTH TPETHHA HJIEMEHT
TeM, 9T0 Gyny CKIajHBaTL mapy SJEMEHTOB, HO A Bce ke Oymy roso-
pUTH, 9TO 5TO ODPOHM3BEJIEHEE B HOBOM CMEICHEe »Toro momsatms. fI mory
TaK YCIOBHTHCA H TAaK YCIAOBWIACH OUPENENATh BCA TeOPHA IPYIIL.

Ecam y Hac ecTh COBOKYINHOCTH MaTpui, To mMarTpamam 4 m B co-
nocraBiseTcs MaTpuna C, onpefiesnsgeMas mo cnocolby, KOTOPHA moiy-
ymicA U3 QUBHIECKHX COOOpayKeHH# O TOM, KaKas MaTpHIa [OJKHA
BHpasKaTh MOCIENOBATENRHO UpoM3Befenuse upeolpazosauua 4 u B.
Marprna C HazmBaeTcs npomsmefeHmeM matpuiy A m B, a 3akoH ee
COCTABJIEHHA H €CTh TOT peIeNnT, KOTOPHI HO03BOJIAET MHE KayKou
nape 9JeMEHTOB CONOCTABIATH W 3/(€Ch HOBHIA 3JIEMEHT.

Ecan coBoxynnocTh 2jIeMenTOB TaKoBa, 9TO KaKAM-Iub0 0Gpasom
ompenmesieHHOE Tpom3BefeHne 000N IapH 3THX HJIEMEHTOB HABJIAETCA
OUATH 3JAEMEATOM COBOKYIHOCTH, TO MEl I'OBOPHMM, YTO 3T& COBOKYI-
HOCTh oGpasyer rpynmy. 9To — rjaBHOe cBoiicTso. Ero megocraTou-
'HO, HO OHO He00XO0[WMO W ABJAETCA OCHOBHEIM CBOMCTBOM TDYNIH.
Hpome Toro, momxubl GHTH COGIIONEHH el CleyoINue YCJIOBHA.
fl 3maw, xax m3 A @ B moayumrs saement AB — pemenT mpomsbe-
JeHHA,— ¥ f 3HAW, 970 AB npwHAJIEIKAT K TOH € COBOKYHDHOCTH.
fl Mory aroT HOBHIiI 3aeMenT AB cONOCTAaBATH C TPEeTHEM daeMentoM C:
(AB) C = D. Ho s mor 61t cHawana conoctasuth B u € u satem ofpa-
soBate A (BC) = D'. Tpebyerca, uarofu 3akoH comocrapjeHmss o0a
pasa faBaj offEO B To 3Ke (D = D'), 1. e. 9T0GH GHII COPAaBEIINB ACCO-
YuamusHslli 3aKOoH,

Bes aroro TpeGoBanmsa Toxe 00olTHCH HENb3A, OHO OUYEHDH CYIECT-
BerHo. Ho, Kak ckazaBo, caMoe CYMECTBeHHOE TO, YTO HPOH3BE/[eHEe
ABYX 37€MEeHTOB €CTh OIATH dieMeRT rpynnsl. OTciola BOSHAKaeT ca-
MO HOHATHEE I'PYDIH — BH HE BHXOJHTe 3a IPeHessl COBOKYIHOCTH.

Hanee tpebyercss, 9T06KH B 9HCIe JIEMEHATOB COBOKYIHOCTHE ObLI
TAKOH DJIeMeHT, NIPOM3BeJieHHE KOTOporo Ha JioGolt saemenr A ma-
Baso 6K onath A, Taxoif smeMeHT HashBaeTca eJuHuyell TPYIIL MK

9%
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eOuHUMHBLY saeMmenmor. ME mMeeM IPAaBHIIO, IO KOTOPOMY MOKeM W3
M06HX [BYX 3JeMeHTOB moxydaTs Tperuii. Tpebyercs, urobu cymecr-
BOBAJ TAKOM DJIEMEHT, KOTOPHA, OYIYIM COMOCTABJEH 110 YCTAHOBJEH-
HOMY HPaBHIY € APYTEM DIeMEHTOM, 1aBaJ OH mpom3BefieHne, He OTJIH-
9aI0IMeecss OT TOTO BTOPOrO BJIEMEHTA.

Haxonen, mocnegnee yciosme. Tpebyercsa, uTo6H mas Kamporo
saeMenTa A COBOKYIHOCTH BCEITa MOKHO ORIJIO HANTH TaKO#M 3IEeMEHT
B, uro npomssenenme AB pasHo exmBUYHOMY snemeHTy. Torma aie-
menT B HasmBaerca o6paramiMm A m oGosmagaerca A~!. 310 B3ATO U3
o0erarof cuMBoamkm. Takmm o6pasoM, eClIH €CTh COBOKYIHOCTH BJIe-
MEHTOB, B KOTOPOH YCTAHOBJIEHO MPABUIO YMHOKEHUSA, €CJIH IPou3Be-
HeHue BCEI[a NPUHAJJIEKAT K JJIEMEHTaM COBOKYMHOCTH W eclm ¢ol-
NIONEeHH yKazaHHHE M00aBOYHBIE YCJIOBHS, TO TAKYK COBOKYIHOCTH
MBI HasbiBaeM rpynmoii. Kaxme oGLeKTH B3ATH B KaYecTBE DIIEMEHTOB,
COBePIIEeHHO (e3pasimIHOo, BayKHBI TONhKO YKazaHHBIE CBOCTBa 00D-
@KTOB.

HossonsTe garh npocthle npuMepH A nosacHenns. BosrMeM B Ka-
gecTBe saementos aucaa 0, 1, 2, 3, 4, 5, 6, 7. B ragecTBe yMHOMKEHAA
BO3LMEM CHOKEHHE DTHX 2JeMeHToB. Ecim A cnpomy, Kakodl dIeMeHT
COOTBETCTBYeET 3jieMeHTaM 2 1 3, To 3T0 Oy/erT 5. Y MEHA ecTh COBOKYI-
HOCTh, B KOTOPO#l yCTAHOBIEH 3aKOH NOJyYeHHA upomsBepeHEs. fIB-
AseTCH AU 9Ta COBOKYMHOCTH rpyunoii? Her, aTo He rpynma. Bospmew,
HanpmMmep, axeMenTsl 4 5. llpomsBenenme 4 m 5, mo ompenedeHHIo,
ecTh 9, HO 5TO YHCIO HE BXOLHT B COBOKYOHOCTH. A BeAb IIIaBHHM Ha-
mwuM tpebosanmem OblI0, YTOOH BCAKOE NPOM3BeleHHe TaKKe BXOLHIIO
B COBOKYMHOCTH. Bo3bMeM TOT jKe psilt 9@cesd, HO HMOBATHE yMHOKe-
HUA OIpefendM APYyruM o6pasoM: MHL OymeM CKIAfBIBATh TACIA, KaK
O paHbille, HO IpomsBefieHHeM OyjeM cUMTaTh HE CYMMY, & OCTATOK
cymMMul oT nmenennsa Ha 8. Ecam Temeph s BO3BMY fiBa KaKUX-HEGYIH
qEcIa W3 COBOKYIMHOCTH, Hampumep 5 m 6, to moxyzy 11, a pasgeans
Ha 8, IOJAyYy B OCTaTKe 3. ITO 4ACIO BXOJAHWT B COBOKYIHOCTH. HAYMT,
C TAaKWM OIpefielleHueM yMHOKEeHHs Hamla COBOKYIHOCTH fABIAETCHA
rpynmoii. Bo BcakoM cayuae, mepsH# Npu3HAK IPYNOH 31eCh BMEETCA.

IMouemy Baykubl Takme coBoxynaocTE? OKAa3HBaeTCA, YTO COBOKYI-
HocTH, ofaajmaromue CBONCTBAME TPYINLI, WMEIOT PSAN APYTHX Ypes-
BHYAWHO CyIeCTBEHHHX CBOWCTB.

Ilposepmm mpyrue cBoiictBa mamedt rpynosl. MMeerca nm B Hamedn
cOBOKyIHOCTH efjmanna? Exmauna onpefenena Tem, 4ro, GyAyIH como-
cTapjieHa ¢ JIOGKM JPYIUM 3IeMEeHTOM, JIOHM APYrAM YACJ0M Hamel
COBOKYIIHOCTH, OHa JlaeT To ke umcio. Yro 3fech Gyaer enmHEOER?
OueBuHO, HYydb, MOTOMY 49TO, Oynyum upubaBiieH K APYroMy 9mCIy,
OH He H3MEHseT dTOTo umeha. VIMewTca am 37ech o6paTHHE 9JEeMEHTH,
KOTOpHe, GYyNydd CONMOCTABJEHH ¢ HEKOTOPHMHA 3JeMeHTaMH, [aiT
Hallly eAEHALY, T. €. BHyab? O6paTHEe dIEMEHTH 3[[€Ch €CTh. JTO JUCIA,
O(MHAKOBO OTCTOSiMEEe OT 06GOMX KOHIOB CTPOKH (He CYIATas HYJI).
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Tax, manpuMep, Xaf eFEEMIE 0GpAaTHHM dAeMeHTOM OymeT 7, moTOMY
4T0, COROCTABUB WX, Mhl HOAYIAM HANIY eNAHHOY, T. €. Hyas. OGpar-
HEM snemenToM mas 2 Gymer 6. Taxmm o6pasom, aTa mpocrad coBo-
KYOHOCTh, IPH YKAa3aHHOM ONpPENEJIeHAW NIPOU3BEleHHsd, HBJISAETCA
rpynno#. I'pynns Taxoro TENA HA3HBAIOTCH KOHEUHHMU, IOTOMY 4TO
ORH CONEPIKAT KOHEYHOE YHUCIO 3IEMEHTOB.

Moryr 6uTH ¥ beckoHeunvie TPYHIL ¢ OeCKOHOIRHM TUCIOM BJe-
MenToB. HampmMep, COBOKYIHOCTH BCeX MENEIX YHCEN, HOJOKETENB-
HHX H OTPENATONBHHX, BRA0Yasg HyIb, 06pasyer Tpymmy, ecld IOR
IPOW3BeleHNeM TOHHMATh ajre0pamdecKyo CyMMY.

Hac 6ynyTr urTepecoBaTh Henpepuighble Tpynusl. 1lox HenpepwBHOK
Tpynmoit Mu GyneM moEEMaTh caenyiomee. Kaxeiit siemMenT xapaxTe-
PpHUByerca RaKUM-HEOYZH mapaMeTPoM, KOTODHE MOKeT IIPHHEMATH B
M3BECTHOR ofiacTy BceBo3MosKEHIe sHadeHHs. ONWH 5JEMEHT OT ADY-
roro GyeT OTAMYATHCA TEM, UTO MapaMeTp HPUHEMAET PA3JIAYHbLIE 3HA-
YEeHWS, 4 TAaK KaK NapamMerp, N0 OPERmOJIOKeHHI0, H3MEHACTCA Hempe-
PHBHO, TO MH DOJYYAM HEHNPEPHBHHIA DA dIeMeHTOB. TakuMm aJe-
MEHTaMU ABJATCA ® npeoGpasoBamma Jlopenna. Uro B HEX sABIAeTCA
napamerpom? Cropocts. [lns mamao# CKOPOCTH ¥ Bac BceTfa HMeeTcs
ompejieeHHEA 27eMeHT — onpefeleHHoe npeobpasoBanue. Vamennre
CKOpOCThb, W y Bac Oymer Apyroe upeoGpa3oBanme, COOTBETCTBYIO-
mee HOBOMY mapaMerpy. Tak XKark CKOPOCTH MeEHsIETCA BempepHBHO
MERAYy —C @ -+ ¢, TO NOJAydaeTcsa HeIpepHBHAs IeNb JIEMEHTOB, KO-
TOPYIo MH 1 6yieM pacCMaTPHEBATh KaK COBOKYNHOCTH. Ecim aTta coBo-
KYOHOCTEL YAOBIETBODPAET BceM TpeboBaHNAM, KOTODHE MEI BBOJH, T. €.
€Cid CHAadYajJla yCTAHOBJIEHO NOHATHe YMHO)KEHHS H 3aT€M OKasHBaeT-
€A, 9T0 COBOKYIHOCTh YMOBIETBOPAET HAMEM TpeGOBAHAAM, TO TAKYI0
HOOPEPHBHYI0 COBORYIHOCTH 3JEMEHTOB MH HA30BeM HEOPEPHBHOMN
TPYOLOH.

JlopernoBu mpeoGpasoBamms ob6pasyror rpymmy. Sl yrsepsnalo,
aro ecam GH dTOro He GHIIO, TO HONYIMIHCH OH GOJBININE HETPUATHO-
CTH, TOJyYRI0Ch 6K Tak, YTO MH He 3Halu OH, ¢ 9ero HavaTh OpH ¢u-
3MYECKOM TIOX0me. XOTA MH W He CTABHIW IePeIduCIeHHHX YCJIO0BHHA,
XOTA MH # He TpeGoBaN® I'PYNOOBOTO XapakTepa oT mpeobGpasoBammi
Jlopesna, HO MH yBEAmM, aT0 6e3 3TOTo BpPAJ JH MOXKHO OHlo GH
TOCTPOATH KaKyI0 OW T0 HA GHIIO TOCIeq0BATEIBHYI0 CHCTEMY.

Wrar, HeIpepHBHKMN TPYIIAME ME HA3HBaeM COBOKYIMHOCTH dJe-
MEHTOB, W3MEHSIOIMAXCS HEHPEPHBHO W XapaKTePH3YIOMEXCA OMHAM
@Id MHOTMME NapaMeTpaMd, NpHYeM B TAKOH COBOKYNHOCTH BHI-
OOJNHAOTCA HepeIdcJenHhie HaMd ycaoBdA. Ecinm aieMeHT COBOKYU-
HOCTH 33BHCHT OT R mapameTpoB, KayKOHHA ¥M3 KOTODHIX MOMKET HM3Me-
HATHCH HE3aBACHMO OT [[PYTUX, TO MH TOBOPHM 0 R-uleHHO# rpymuoe.
Hanprmep, nopenmossl npeoGpasoBanma caMoro o6mero BEAa HMEIOT
10 EesaBMCEMHX TapaMeTpoB u 06PasyIOT NECATAWIEHHYI IPyImy.
Onnoponntie npeobpasoBaEmsa o06pasyT mMEeCTHINEHHYH Ipynny,



262 Jdexyuu no reopuu 0THOCUTEALHOCTU

a cIenuaJbHbe JOPEHUOBH NPeobpasoBaHUA COCTABJIAIOT OfHOTNCH-
HYI0 TPynny — ¢ OJHHM IapaMeTpoM v.

Nrak, B KadecTBe 3JIEMEHTA COBOKYNHOCTE MH OyjeM paccmMaTpu-
path npeobpasosanus. IlpomsBenenmeM Mbl HasoBeM mnpeoOpa3oBaHHme,
noJysamomeeca B pesyJabpTaTe JABYX IOCJ]eJ0BaTeIpbHO NPHUMEHEHHHIX,
npeobpasoBasmil. T'orza ocHOBHOE CBOMCTBO COBOKYNHOCTH mpeobpa-
30BaHUH, KOTOpOe JeJaeT ee IPYNOOH, MBL MOKEM BHPa3HTh HECKOIb-
KO MHAYe: COBOKYHHOCTH mnpeofpasoBaHWil upejcraBiaAer cobod
rpynny, ecid IOCHeROBaTeNbHOe IpoBefeHue [ABYX mNpeofpaszoBa-
Huil Bcerja MoskeT ObITh 3aMeHeHO OJHUM npeobpasoBanmeM, TaKKe OT-
HOCAMHUMCS K COBOKYNHOCTH. I{poMe TOTo, B COBOKYIHOCTH JIOJIMSHBL
OBHITH HANMUO €[HHHIHOE (T. €. TOKIecTBelHoe) NIpeoOpasoBaHme H
ofparusie mpeoOpasoBaHMA.

o cymecrBy Hac mHTEpeCyeT JMINDL CIENUANBHOE JOPEHIOBO TIpe-
o6pasoBaHme, KOTOpOe OCTABJseT y M z HEM3MEHULMH I Ipeobpasyer
TOJNBKO Z U ¢t W B KOTOPOM ysKe BLABJAETCH BCA QuamyecKad CTOPOHA
nesa. llosromy Mit OyfeM 3aHEMATHCA TOJHKO DTEMHA OJHOWICHHBIMEA
npeobpa3oBaHuaAMY, OpHIeM OyReM paccMaTpuBaTh NpeoOpaszoBaHHA
TOJNBKO Z U ct. 3HAYHT, MATPHUA JNOpeHioBa npeobpasoBaHuA Takoba:

1 . B
Vicp Vi-®

B 1
TViop Viow

M=u xoTHM mOKa3aTh, 9T0 9TO ecTh rpynuna. Ho cHavana HECKOIBKO
CJIOB 0 COBOKYUHOCTH HPeo0pasoBaHuil ¢ HENMPEPHBHO M3MEHAIOMUMCH
nmapameTpoM.

Ecau 8u1 BossMere n060e npeoGpasoBaHume ¢ W3MEHAOIMAMCA Tapa-
MEeTPOM, TO, BOOOME TOBOps, COBOKYNHOCTH TaKUX mpeoOpasoBanmit
He fABJIAETCA TPYNNoOil; rpyuma — 5T0 OYeHb CHEIUATBHAA COBOKYI-
HOCTh, W B 3TOM Bech maTepec. f1 mpmsemy mpocrsle mpuMepH mpeod-
pasoBaHusA, KOTOPHE SABIAIOTCA TPynnod, M TAKMX, KOTOPHE Fpynnoi
He gBiAnTcsa. BozbpMeM mpeobpaszoBaHUA

z =z +k,
y =y -+ 2k.

9T0 coBOKYnHOCTHL mpeobpasoBanuil ¢ U3MEHAMUMCH IapaMeTpoM £k,
rae k — moboe BenmecTsennoe ancio. [Ipn kamgom ¢urenpoBanHoM 3Ha-
9eHAH k£ BTO BIEMEHT COBOKYIHOCTH — 0jIHO mpeoGpasosamme. Crnpa-
IMEBaeTcs, HABJAETCA JH 9Ta COBOKYNHOCTH rpynmoi? Vimeerca am
afeck epmumana? Odesupno, Aa. ATo npeobpasoranme ¢ k = 0. Ho xax
obcront [eNio ¢ IJIaBHHEIM CBOMCTBOM, C TE€M, YTO MOCAEIOBATEIHHOE
DpEMeHeHHe JBYX npeobpasosauunil oudTs ABAAETCH npeobpasoBaHmeM,
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OTLOCAIIMMCS K 9T0il Ke COBOKYNHOCTH? JTO CBOMCTBO TaKKe IPHCYT-
crByer. B camoMm peie, BosbMeM fBa mpeoGpasoBaHEA W3 Hamei coO-

BOKYIHOCTH:
x’=:c—|—a,} x”=z'+'b,}
V=y+2a yY=y+2b

# ofpasyem mpom3BeieHEE, T. €. CAeJaeM 5TH fABa mpeoGpasoBaHHA
mocaenoraTenbro. IlofcTasus ' m §' BO BTOpHE ABe POPMYJIH, MOJNY-

qaM
" =22+ a -+ b, }
y'=y+2(+ ).

OueBmaHO, 3To Npeobpa3oBaHMe TakKe IPUHAIICKUT K Hamell rpym-
Ile, IIPWYEM TIAPAaMETPOM BJiech ABIAeTCA ¢ = a + b, m, ciejoBarelnb-
HO, Hamla COBOKYIHOCTh mNpeoGpasoBaHW# ecTs rpynma. Ecam BH
Bo3bMeTe b = — a, TO NOJyIdTe eRMHHIHOe mpeobpasoBaHHe, TaK
4TO KO BCAKOMY Ipeo0pasoBaHMI0 MOKHO mofo6parh ofpaTHoe emy.
IJT0 CBOICTBO T'PYNIIBI TOKE YAOBIETBOPEHO.

Korpma 6epyT Takue sieMeHTapHEE IPAMEPH, TO Ha IePBLIA B3TJIAL
Kajkercs1, 9To Jio0me npeobpasosammsa obpasyior rpynny. Jlerxko y6e-
nuTheA B obparHoM. BosnMeM mpeoGpasoBanme

z =z +k,
yo=y+e

CoBOKyIIHOCTL TAKHX npeobpa3oBaHuil He ABJAAeTCA rpynnoii. Bosnmem
qacTHHE caydam k = a 1 k = b, T. e. Bo3pMeM jABa mpeob6pa3oBaBMA:

x’=x+a,} x”———x'—i—b,}
y=y+a, y=y +0b

Ecnum Tenmepp NMPOW3BECTH MOACTAHOBKY, TO HONLYYHM

2 =xz+a-+ b, }
y' =y +a® + b

910 mpeofpasoBaHMe HE MONAfaeT B HANY COBOKYIHOCTH, TAK KaK JJIS
3TOr0 BO BTOPOM YpaBHEHHH A0JKeH OBLT GBI CTOATH KBAJPaT IIapaMer-
pa, BXOJAMEro B I€pBOe yPaBHEHHE, a TaK €0 MoAo6paTh MH 37ech He
MmosxeM. Taxum oGpasoM, nobie npeobpazoBarud ¢ noboi QyErOAe.
Boobme ropops, He ABIAKTICA rpynnoil. MoxkHO copMyrImpoBaTh B
ofmem caydae, KoIfla COBOKYIOHOCTH npeo6pa3oBaHm#l ABIAETCH
rpynnoii. Ilyers y Hac ecrs xaxoe yrofHO HeJmHe#Hoe mpeobpasoBa-
HHe, KOTOpOoe Mbl 3alHIleM TaK:

x; == f; (%, Zgy..3 @, b, ©)
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H OycTs BTopoe mpeoGpasoBaume Oymer
" , o
Z; =fi (xla Lgeeey Ay b, c)-

M=l MOsKeM IO[CTABATH CIOAA ' W3 MePBOTO IpeolpasoBaHMA W HOJY-
YEM TOTHAa HEKOTOPYyIo QYHKOuUIO oT Z, a, b, ¢, a’, b', ¢

z; = F; (xq, 29,-..; @, b, c; a’, b, ¢').

Ecnm B pesyapraTe 3Tod HOACTAaHOBKH z” BHIPASATCA TOU XK€ caMOil
$yHKIEEH f;, HO ¢ APYIMMH IapaMeTPaMu, KOTOpble KAaK-TO 3aBUCAT
14 ’

ora, b,c,a,b,c
” . I3 ’ ’
a’" =1, (a, b, ¢c; a’, b, '),

V" =9, (a, b, ¢; a’', b, ¢),
C” = 'lp3 (a’ b1 C; a',’ b': C,),

T. €. €CJU COBOKYHIHOCTHL ABYX MHONCTAHOBOK MOJKIO BaMEHUTH 01100
MOJICTAHOBKOM M3 TOH e COBOKYNHOCTH C JIPYIEMI 3HAUECHHANMA
mapaMeTpoB, TO ME CKayKeM, YTo aTH npeobpasoBanusa o6pasyior
rpyumy.

Ecan mopesnosw npeobpasobannsa o6pasyior TPYIIY, TO Ml MOKEM
CKa3aTh, 9TO rpynny o6pasynoT MaTpUIH JTOPEHIOBLIX npeofpaszoBa-
HHEil,— 3T0 TO Ke camoe, MOTOMY 49TO B CJIydae JUHEHNsX mpeobpaso-
BaH@it MATPHIA NOJHOCTLIO XapakTepuayeT npeobpasopanue. MuI xo-
THM TOKAa3aTh, YTO0 JIOPEHIOBH mpeobpasoBanusa o6pasyior rpymny B
o0meMm ciygae. Uem ompenesnenst gopenosn npecdpaszosanun? o ou-
perieienuio, 910 JmHEHHbe npeobpasoBaHus, OCTaBIAKNIME AHBADH-
aHTHO# ¢dopMy

(Bz)* + (Azy)* + (Azg)* — (Azy).
f1 mpomsBoky mepBoe npeodpasoBaHme, W NLPU HTOM
(Az)* + (Bzy)? + (Azy)* — (Az)? =
= Az, + (Azy)* + (Azg')* — (Azy )
Bropoe nopenioBo nmpeobpasoBanme xapakTepU3yeTcs TeM, 49TO

(Az))* + (Az,)* + (Azg)? — (Azg)? = (Azy)? + (Azy)? + (Azy)2 — (Azy)?.

51 mpomaBoxky o6a mpeoGpazoBaHEA MOCIENOBATEAbHO, H TAK KaK OHH
06a JmHEEHE, TO B pesyiabTaTe s OUATH NOAYYY AMHeHHOE mpeobpaso-
Banme. CopammBaercs, ABiAeTCA JH Pe3yibTHpyoee mpeoGpasoBa-
HHE TakKKe JIOpeHIOoBHM? Ecam 7qa, To MH DOYTH [0Kasaid, 9TO 3TO
Tpynna, NOTOMY 4TO BTO OCHOBHOE CBOHCTBO TPYMIH.
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Ho merko BH/IETH, 9YTO M3 [IBYX HaIHUCAaHHKRX PaBEHCTB CJIeRyeT

(Azy)? + (Azp)? + (Azg)? — (Azy)? =
= (AP + (8" + (A" — (Aa/P,

T. €. COBOKYIDHOCTb HpeoGpa3oBaHMil Tarkke ocCTaBifgeT 3Ty ¢opmy
HeM3MEHHOH, & 3T0 M €CTh XaPaKTePHCTHKA JOPEHIOBHX mpeobpa3oBa-
muii. Jlerko mpoBepHTH, YTO H BCE OCTANBHBIE CBOHCTBA I'PYHIH 3[eCh
Tarke cobIoens,— A He Gyny Ha 9TOM ocraHaBamBarbcA. MTak, MH
MO’KeM CKa3aTh OKOHIATEIHHO, ITO JOPEHKOBH HpeobpasoBaHnda o0pa-
3yT Tpymniy.

Yto 6nto Obl, ecsim Obl OHE He COCTABJIAAM Tpynns? JlopeHIOBEH:
npeobpasoBaHusA HO3BOJAIT HAXOAUTh KOODAMHATHL OfHOH JBIKY-
melica cHcTeMH B QYHRUEE OT KOODPZHHAT /{PYTO#l CHCTEMEI, IO OTHO-
MIeHAI0 K KOTOpoi mamHas cmcreMma nmkerca. IIpencrassre cebe, uro
y Hac mMewTcA Tph KooppmHaTHBe cacreMbl K, K' m K" m MH Xo-
TAM HAHUTH 3aBHCHMOCTH KOOPAMHAT z” OT KOODAMHAT x. MH MoskeM
cHAYaJa HalTH, KAk 3aBHCAT I OT &', [OTOM — KakK 3aBHCAT z  oT x”,
¥, HAKOHeN,, HalifleM 3aBUCUMOCTD & OT Z". ITO MePBHIHA NYTh, COBEPITEH-
HO 3aKkoHHHIH. Ho, ¢ fpyroil CTOPOHBI, MBI MOKEM HE YYHUTHIBATH, UTO
nMeercsa cmereMa K’, oHa MojkeT Hac He WMHTepecoBaThb. Ecam ecTh
TOJBKO [(Be ABIGRYINHMECA [APYT OTHOCHTENbHO Apyra cmcremsl K u
K", To OpPHEIAT OTHOCHTEIBHOCTH JAeT BO3MOMKHOCTh HAWTH 2" cpasy
rak ¢yurumo ot z. [Ipencrasrre cebe Temeps, 4T0 HpeobpasoBaHus He
o6paszylor rpynnsl. Torga mo mepBoMy cnocody MBI HANLIK 6Bl 3aBACH-
MOCTB z” OT Z, KOTOpas He COOTBETCTBOBaIA OBl TOMY, YTO MH IOy YUIH
BO BTOpOM ciydae. COBOKYMHOCTH Ipeo0pasoBaHWE II0BBOJIAET Hepe-
X0omuTh oT noboro mpeobpasosaHms kK Jgwobomy. Ecim s K Tperbemy
npeo6pasoBaHUIo TIepeme] OPH MOMOINE IPOME;KYTOYHOTO W MOJNYIAN
6u mpeo6GpazoBaHde, KOTOpPOe HE OTHOCHTCA K COBOKYHHOCTH, T. €.
He BHpaskaeT mepexoja OT OlHOM ABIKYIMe#cA CHCTeMH K HPYroi,
To A HameJ 0H HEKOTOPYI0 33aBHCAMOCTH MEXAY KOOpRMHATAME X"
H T, HO 9T0 He Ona O 3aBECHMOCTH KOODPIHHAT OJHOA ABHKyIIe#cs
CHCTEMEL 0T KOOP/IEHAT J{pyroi, a Befb MH A0KHH GHIA GH HOXyIuTh
TaKyl0 3aBHCAMOCThH. SHAYHUT, BCe Halle MOCTpoeHZe OhI0 OH Hemocie-
MOBaTEILHBIM, HaM 3aNpelfaiocs 6K cpaBHEBATH CHAYaJa £ I ', a 3a-
tem ' # z”. He Gruto 65 TPAaH3MTHBHHX COOTHOIIEHH, KOTODHE IO3-
BOJAKT HaM CTPOMTH BCIO HAIY KOHNENNHIO, W 5Ta KOHIemnusa obxa-
mama GH HPOBAJIOM, KOTOPHI, OWTHL MOKET, M MOKHO OELIO GH Kak-TO
HCOPaBUTH, HO COBEPIIEHHO HE BHAHO KaK.

B BupmTe, wro H B3 Qu3MIeCKHX co00paKeHER HY;KHO TpeboBaTs,
9100 COBOKYIHOCTH NPeo0pa3oBaHWE TEODHE OTHOCHTEIBHOCTH CO-
CTaBJIANA TPynIy. ITO BCe-TAKH YNHABETEABHO (HIM He YAHBATEIBHO,
CMOTP#A IO TOMY, KaK Ha 3TO CMOTPETh): MOJydas JOPeHI0BH npeobpaso-
BaHNA, Mb BOBCe He 33a60THIHMCH O TOM, OYAYT Ju OHH Tpynmoir. Mu
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HONYYHIM MX W3 OuUpefeleHHHX TpeOoBaHMA: (uamIecKM — M3 [BYX
TIOCTYNAaTOB, MATEMATHIECKM — M3 YCHOBHA, UYTOOBI OHEM OCTABAANM
PHBADHAHTHEIM ONpeJelieHHOe BHDaKeHHe,— H Kak [00aBKy mHoay-
4, 9T0 €CiM 3TO TAaK, TO. OHE o6pasykT rpynny. HopeuHo, cBA3E
MeKIy TeM, YTo COBOKYIHOCTH 00pasyer rpyuny, H TeM, 9T0 OUpeeieH-
HOe BHIpajKeHHAe ABJAETCH MHBADHAHTHHIM, KaK BH yjKe BUAWTe, He
caygafina,— 370 riy6okas ¢eass. Ho, Kaxk 6K To HE GHI0, MOIKHG TO-
CTaBHETh H 06paTHEIA BOOPOC, H BONPOC AeHCTBATENBHO OLLI TAK HOCTA-
BJICH.

Ilpesxne ueM k aToMy 06paTuTHCH, A X0UY BaM II0COBETOBATh B Kade-
CTBE MPOCTOTO MPUMEPA H XOPOUIETo YIParkHEeHHSA CleaTh cleyolee.
Haitgnte npomsBefeHue ABYX CHEMUAIBHEX JOPEHIOBEX Opeolpa3o-
BAHUA U NOKasKUTE, 4TO HTO IPOM3BEREHME HEWCTBHTEIHHO NMPHHAIE-
MUT COBOKYIIHOCTH, T. €. NOJYYHTE 5TO He M3 IOHATHA HHBAPHAHTHO-
CTH, 4 U3 TOTO, UTO

1 B B1 . 1 . B2
Vieg  Vi-8 Vi-g Vi-g

A — ¢ B fony
B1 1 Ba 1

Viep  Vi-p Vil Vi@

Haiinure npeoGpazoBaEge, KOTOPOe MOJYUAETCA B pesydnTaTe LOCJe-
IOBaTeJbHOTO IIpom3BefeHHs obGomx. Jlas »TOr0 HYKHO HEpeMHO-
MUTH Marpuusl. llpomasensa mociefoRaTeNbHO J(Ba HpeolOpasoBaHUA,
BBl IIOJYYATE MATPHUIY

" 1 _.31+33
_ . 14 BB 1+ Bipe
C“BA“Vi—Bf Vi—p\_BitbB 1

< T BB

B TtaxoMm Buje 3T0o BHIpaskeHme HECKOJBKO HETMOHATHO: 37{eCh CTOUT
MATPHUIA K Hepc/| Helt guesio. Y CJIOBHMCH CYATATH, YTO €CIH IEPed Ma-
TpHUOEe# CTOWT YACIO, TO KAKIAHH 9iIeH MaTPUIE YMHOKAeTcs HA 3TO
ggcio. CoBceM He BUAHO CPa3y, HeHCTBUTEIBHO JIU HTO TAKOTO K6 BH/A
MaTpHUia, TOJBKO ¢ KAKEM-TO HOBHIM 3HadeHHeM mapamerpa [g.
IlonpoGyiiTe MOKAa3aTh, 9TO 3TO AEHACTBHTENHHO TaKafd Ke MaTpHLA, H
Hafinure, Kak BHpamaercd g B yrknmm or P, u P,. Momer Omre, BH
M cpasy yrajgaere, kKak Oyzmer Brpaskarscd ;. A Temeph BepHeEMCH K
HOCTABIEHHOMY BOLPOCY.

Daxrugeckd OLLIO TaK, 9T0 (H3EKA [[aja ABA HMOCTYJAATA, B PE3YIb-
TaTe KOTOPHX HPHOIIA K JOPEHIOBHM mnpeo6pazoBaHEAM, T. €. 5TH
upeofpasopanns OHJIM BHBEIEHH HAa O0CHOBE TPEGOBAHUSA HOCTOSHCTBA
CKOpOCTH cBeTa (HE33aBHCHMOCTH CKODOCTH CBETA OT IBW/KEHHS HCTOY-
HAKA) ¥ IPUHIAOA OTHOCHTEeAbHOCTA. Temeps BOIpoc CTaBUTCA HHATe.
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Mui Bujiean, 9T0 JIOPEHIOBH npeoGpa3oBaHWsA 06pasyoT IPyNILy B 9TO
He BcAkue mnpeobpasoBaEWs 06aananT 3TEM cBoicTBOM. JomycTmm,
9TO MH HE 3HAeM HH O IPHHNOANE OTHOCHTENHHOCTH, HA O HOCTOSHCTBE

cxopoctH cBera. Ilycrs mMmerorcsa nmEefiEke 1peo6pa3oBanma ¢ OHAM
napaMeTpoM

' =a@z+ bt
' =c@a+d@)t, 27)

OpUIeM Mbl 3HAEM, YTO IPH IPOU3BOJLHHX a (v), b (V), ¢ (v) u d (v)
COBOKYIHOCTh I'pynmoit He Oyjmer. MH BHIeJH, OZHAKO, YTO CBOHCTBO
6LITL TpynIol KUBHERHO 11 pusukd. UTo 3Ke MOKHO CKazaThb 00 3THX
opeo0pa3oBaHEAX, €CJHH C CaMOr0 Hadala 1oTpeGoBaTh, UTOBH OHHE
o6pasossBanm rpynny? HTepecHo BHACHATEL, KakWe OrpaHAIeHUs Ha-
aaraer 3To TpeGOBaHWME, HACKOJBKO OHO Cy;KHBaeT oOGIImil BHI TaKHX
npeobpasoBaBmil, Kakue GOPMYJIB Mh ZOJGKHBI DOJY9IHTH YiKe BCIef-
CTBHE OJHOTO 9TOTO YCJIOBHA. ITO 4HCTO MaTeMaTHIecKas 3ajada:
HMEETCA COBOKYNHOCTh AMHEHHHX OJHOPOJHLX IpeoGpaszoBaHmit ¢ off-
HaM napamerpoM. CrpammBaerca, KOTAA TAKadA COBOKYIHOCTH ABJAAET-
cA ojlHOWIeHHOA rpynmoii? B Tarom Bupge Bompoc 6GRII  mocCTaBJaeH

u pazpemer Mpanxom m Pore.

Mze xorenoch Ou paccrasaTh BaM 37ech 00 OCHOBHOM TeopeMe Teo-
pum HempepHBHLIX rpynn — TeopeMe Codyca Jlm, kotopomy M 06s-
3aHBl Pa3paboTKOM TeopU¥ HeNPEPHBHEIX Pyl ¥ MPEMEHEHHEM HX K
reomerpum. BH 3HaeTe, 4TO 0J{HO M3 CHJIBHHX TEUYEHUH, MMEIINUXCH B
TeoOMEeTpPHUM, ONMPAETCsA Ha yTBePKAEHHEe, 9TO BCA FeOMETPHA CBOTHMTCA
K TeOpHH Irpynn. 3ech CyIECTBYeT MHOTO OCTPOYMHBIX HONOKeHHOH,
HO HAYaJI BCe aTO Kak pPa3 He MAaTeMATHK, a ['eIsMroasi B ¢cBoeit paboTe
«Was ist der Ursprung der geometrischen Axiome». ¥ mero ato 6r10
chelaH0 MaTeMATHIECKW He coBceM gdcTo. JIm a10 BHAcHma, m y Jlu
BCe MoJiydaeTcs 4pesBHYaiiHo Kpacmeo. Ojma TeopeMa, 0 KOTOpoi f
6y/y rOBOPHTH, HO3BOJHT HAM DPEIIMTH W MOCTABJEHHHH HAMA BOIPOC.

Y mac ecTh JmHeliHbe ypaBHeHUd (27), B KOTOPHX U — IIPON3BOJb-
HO Menglommuiics napameTrp. CkasaTh, KAKEMM QYHKOHEAME IOJAKHEL
Omth a, b, ¢, d, T106H 9To GbLIO IPynmoO#, He TaK mPOCTO, HO BOT UTO
rosopur JInm. CocraBuM AuddepernuadraLle YpaBEEHHA HTEX Ipeod-
PasoBaHUii; OKA3HIBAETCHA, YTO OTHOCHTEIBHO HTHX AEPPepeHinmain-
HHX ypaBHEHHHE OUeHb NPOCTO CKAa3aTh, KAKMMH CBOMCTBAMHU OHH
BOJHE 0o0MamaTh A Toro, 9To6H 3T 6IO rpynmoi. YrTo 3HAUAT
cocTaBaTh Auddepennmansape ypasaenusa? Bynem pacemarpuBars 2
1 ¢ kak QYHKOUA OT v UPH NOCTOAHHHX I W {

1" = fl (xv ta v)s

28
' =f, (z, ¢, v). (28)
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Coranaceo Jlm, MoKHO paccMaTpEBATH /ieJl0 TaK, 9T0 ypapHeHuA (27)
ecTh maTerpain AmpdepeHOUaNbHKX ypaBHeHEE 1ia z' m & mo v,
a  m [ — Npom3BOJbHEIE HOCTOAHHNE. ME MoskeM mpopmddepenin-
poBarh 3TH Ba ypasHeHHS (28) mo v mpE HOCTOAHHHX z m {. ¥ Hac
IOJIYIHTCS YETHPe YPABHEHHWA, M3 KOTOPHIX ME HMCKIOYEM & H [
(Tak Bep W yIaT cocTaBiaATH AuddepeHMUaIbHEEC YPAaBHEHHS, KOTNa
BIIepBHE HAYMHAIOT 0 HWX PACCKA3HBATH) M MOJYYAM YDABHEHHS
’ !
% =® (x'v t, U), %t_v = @y (.Z", ¢, U)' (29)
Wurerpupys a1 ypaBEeHUA, MH IPEANOIOKHUM, IT0 I U = () ZOJLK-
HO IOJy9aTHCA TOKECTBeHHOe mpeobpasoBaHue, T. €. HAYAJIBHEE YC-
JOBHMA HOJGKHB OHITH TAKAMH:
/
a;’ — 'Z’} opu v = 0. (30)
Wtak, Mu MomeM Temeph paccMaTpmBaTh IpeoOpaszoBamus (28) Kak
mETerpan AEddepeHIHadpHEX ypaBHeHrH (29) npE HaYaTLHEIX yClIo-
puaAx (30). JIu moxkasax, 9ro ecam upeobpasoBanusa (28) mpemcTaBisaoT
coboit rpynmy, To guddepeEnmaTsHNe ypaBEeHUA Ipynns (29) momx-
HE GHTH COBEPUIEHHO ONPEEJeHHHMHM, [[OJPKER HMETH BIIOJIHEe THIHY-
Hy0 fopMy. B aTom Bce meno. 3HAUAT, HY;KHO MOKA3aTh, KAKHe Orpa-
HEYCHAA HajJaraioTca Ha 5TH AufQepeHIMaNbHEE YpaBEEHAA A
TOr0, 9ro0K WX BHTErpaJbl OHJIM TPYyNLOi.
B crepymomuit pas MH 3TO PaceMOTPHEM W TMOKa;KeM, KaK KPaCHBO
BHITEKAT CBOHCTBA mpeofpasoBaHEA H3 ONHOTO JHNIL TpPeGoBAHHA
IPpynnoBOCTH.



